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We consider six-photon entangled state emitted from a single third-order parametric down-
conversion process. In the regime of weak nonlinearities, we present a symmetry detector which
is capable of analyzing the twin-beam six-photon symmetric states. By cascading the symmetry
detectors, as an application, it is shown that one can purify the desired six-photon entangled state
from an arbitrary twin-beam six-photon symmetric state. With linear optics we propose a fruit-
ful scheme for exploring a class of multimode-photon entangled states from third-order parametric
down-conversion process. Furthermore, we provide a method to generate the six-photon polarization
entangled Greenberger-Horne-Zeilinger state based on linear optics and weak nonlinearities.
PACS numbers: 03.67.-a
I. INTRODUCTION
Quantum entanglement is one of the most fascinating phenomenons in quantum information processing [1, 2].
Multiphoton entanglement reveals strictly nonclassical quantum correlations [3–7]. Nowadays, the nonlinear optical
process of parametric down-conversion (PDC) plays an important role in most quantum optical experiments as a
standard method of creating entangled-photon pairs [8–13]. By using one or more pulse pumped PDC crystals and
overlapping pairs of entangled photons, experimentally, the preparation of photonic entanglement of various forms
has been proposed [14–17], but involving only a few photons. Since the overlaps make them fragile, the observation
of a larger number of entangled photons is heretofore challenging in multiphoton interferometry.
In PDC process, a pulsed pump field is capable of emitting a series of superposition states containing 2n photons
[18–21]. A typical case of four-photon emission leads to superposition of two independent pairs and indistinguishable
four-photon entangled state. De Riedmatten et al. [22] demonstrate experimentally that in the limit where the
duration of the pump pulse is much shorter than coherence time of the photons the four photons can be described
as an indistinguishable four-photon entangled state; in the opposite limit, the four photons are in two independent
pairs. Note that the higher-order emission of PDC source possesses strongly robust [23], since it runs with a single
down-conversion crystal and therefore has no additional interferometric alignment. Although the probabilities of
emitting indistinguishable 2n-photon are usually slower than emitting a pair of entangled photons [24], exploring mul-
tiphoton entangled states from higher-order emissions of down-conversion source may contribute to various quantum
information processing [25–29] because of their essential properties such as robustness and symmetry.
In this paper, we study six-photon entangled state related to third-order emission of the PDC source. We construct
a twin-beam symmetry detector to evolve and pick out six-photon symmetric states by using a beam splitter and
weak nonlinearities. As an interesting application, it is capable of purifying (or preparing) six-photon entangled states
|ψ−3 〉 by cascading the present symmetry detectors. Based on linear optical elements we propose a scheme to create
a class of six-photon entangled states from third-order emission of PDC source. Also, we present a simple circuit to
project these photons onto the six-photon polarization-entangled Greenberger-Horne-Zeilinger (GHZ) state via weak
nonlinearities.
II. SYMMETRY DETECTOR AND ITS APPLICATION
A simplified Hamiltonian [24] of the nonlinear interaction in PDC process is given by H = iκ(a†Hb
†
V −a†V b†H)+H.c.,
where H.c. means Hermitian conjugate, and κ is a coupling constant depended on the nonlinearity of the crystal and
the intensity of the pump pulse, and a†x and b
†
x, x ∈ {H,V }, are respectively the creation operators with horizontal
2or vertical polarization in spatial modes a and b. This leads to the two-mode squeezed state
|Ψ〉 = e−itH/~|0〉 = 1
cosh2 τ
∞∑
n=0
√
n+ 1 tanhn τ |ψ−n 〉, (1)
where τ = κt/~ is the interaction parameter with t being interaction time, and
|ψ−n 〉 =
1√
n!(n+ 1)!
(a†Hb
†
V − a†V b†H)n|0〉 (2)
is 2n-photon entangled state corresponding to nth-order emission with the mean photon number 〈n〉 = 2sinh2τ . For
a 2n-photon entangled state |ψ−n 〉, note that the photon-state remains unchanged when the photons passing through
a symmetric 50 : 50 beam splitter (BS). We turn next to the symmetry detector and its application for a class of
twin-beam six-photon entangled state by using linear optics and weak nonlinearities.
The nonlinear Kerr medium [30–33] can be described intuitively as a medium which induce a cross phase modulation
with Hamiltonian of the form H = ~χa†sasa
†
pap, where a
†
s and as (a
†
p and ap) represent the creation and annihilation
operators for the signal (probe), χ is the coupling strength of the nonlinearity. This Kerr nonlinearity can be used
to induce a phase modulation in probe mode depended on single-photon state and then it is capable of detecting the
state of photons in signal mode nondestructively. Since the Kerr nonlinearities are extremely weak [34–38], we here
restrict our discussion in the regime of weak nonlinearities. The setup of symmetry detector is shown in Figure 1.
FIG. 1: The schematic diagram of symmetry detector for twin-beam six-photon entangled state by using linear optics and weak
nonlinearities. ain, bin are input ports of the 50:50 BS, and aout, bout are the corresponding outputs, respectively. A coherent
state |α〉 is used for probe beam. θ and θ/2 are phase shifts to characterize the interaction between photons in signal and probe
modes. A single phase gate Rθ followed by an X homodyne measurement provide an explicit result nearly deterministically.
Consider a class of twin-beam six-photon entangled states
|ψ〉 = m(|3, 0; 0, 3〉 − |0, 3; 3, 0〉) + n(|1, 2; 2, 1〉 − |2, 1; 1, 2〉), (3)
where e.g. |k, l; r, s〉 as an abbreviation for state |k〉aH ⊗ |l〉aV ⊗ |r〉bH ⊗ |s〉bV means that there are k horizontally
polarized photons and l vertically polarized photons in spatial mode a, and at the same time r horizontally and s
vertically polarized photons in spatial mode b, and m and n are respectively the complex parameters satisfying the
normalization condition |m|2+ |n|2 = 1/2. Without loss of generality, we here suppose m and n are real and positive.
When the twin-beam six photons entangled state (3) passing through the 50:50 BS with exactly one beam per
input-port, it yields
|ψ′〉 = 1
4
[(m+ 3n)(|3, 0; 0, 3〉 − |0, 3; 3, 0〉) + (3m+ n)(|1, 2; 2, 1〉 − |2, 1; 1, 2〉)]
+
√
3
4
(m− n)(|3, 2; 0, 1〉 − |0, 1; 3, 2〉+ |1, 0; 2, 3〉 − |2, 3; 1, 0〉). (4)
Let Rθ = −9θ/2. Due to the action of Kerr nonlinearities, the combined system evolves into
|ψ′〉 |α〉 = 1
4
[(m+ 3n)(|3, 0; 0, 3〉 − |0, 3; 3, 0〉)|α〉+ (3m+ n)(|1, 2; 2, 1〉 − |2, 1; 1, 2〉)|α〉]
+
√
3
4
(m− n)[(|3, 2; 0, 1〉 − |2, 3; 1, 0〉)|αeiθ〉
+(|1, 0; 2, 3〉 − |0, 1; 3, 2〉)|αe−iθ〉]. (5)
3To proceed, we perform an X homodyne measurement [38, 39] on the probe beam. By means of the inner product
〈x|α〉 = (2pi)−1/4exp[−(Im(α))2 − (x− 2α)2/4], for x > α(1 + cosθ), we have
|ψ0〉 = 1√
10 + 24mn
[(m+ 3n)(|3, 0; 0, 3〉 − |0, 3; 3, 0〉)
+(3m+ n)(|1, 2; 2, 1〉 − |2, 1; 1, 2〉)], (6)
and for x < α(1 + cosθ), we have
|ψ1〉 = 1
2
[eiφ(x)(|3, 2; 0, 1〉 − |2, 3; 1, 0〉) + e−iφ(x)(|1, 0; 2, 3〉 − |0, 1; 3, 2〉)], (7)
where φ(x) = α sin θ(x − 2α cos θ) mod 2pi, a phase shift related to the result of homodyne measurement.
Due to the overlaps between neighboring curves, the error probability of this measurement is given by ε =
erfc
(
2α(1− cosθ)/2√2)/2. In one takes θ2 ∼ 10−2 and α ∼ 104, then ε ∼ 10−5, i.e., it is a nearly deterministic
detection process in the regime of weak nonlinearities.
Note that the output state (6) is exactly similar to the input state (3) and it will be dealt with using the similar
procedures. We call these twin beams having the same number of photons per mode symmetric states. For the output
state (7), by applying a further phase shift operator eiφ(x)/2 in spatial mode b, for example, it yields
|ψ′1〉 =
1
2
(|3, 2; 0, 1〉 − |0, 1; 3, 2〉+ |1, 0; 2, 3〉 − |2, 3; 1, 0〉). (8)
This state is different from those symmetric states because six photons are unequally shared between two spatial
modes. It can also be collected and used to properly photonic quantum information processing.
For the outputting symmetric state, if one allows these photons to pass successively through symmetry detectors,
where the input/output modes correspond to the signal photons, then it can tend towards six-photon entangled state
|ψ−3 〉. To make this point more explicit, we rewrite m and n as m0 and n0, and let
A =
(
a00 a01
a10 a11
)
(9)
be a 2× 2 matrix such that (
mk
nk
)
= Ak
(
m0
n0
)
. (10)
Let a00 = a11 = 1 and a01 = a10 = 3. Since A is a Hermitian matrix, by taking
T =
1√
2
(
1 1
1 −1
)
(11)
it can be diagonalized,
Λ = T †AT =
(
4 0
0 −2
)
. (12)
Then we have
Ak = TΛkT † =
1
2
(
4k + (−2)k 4k − (−2)k
4k − (−2)k 4k + (−2)k
)
, (13)
and thus (
mk
nk
)
=
1
2
(
(4k + (−2)k)m0 + (4k − (−2)k)n0
(4k − (−2)k)m0 + (4k + (−2)k)n0
)
. (14)
By this, after the kth iteration one can obtain the state
|ψ〉 = 1√
Ck
[mk(|3, 0; 0, 3〉 − |0, 3; 3, 0〉) + nk(|1, 2; 2, 1〉 − |2, 1; 1, 2〉)], (15)
4where normalization factor Ck = 2
2k−1(4k + 1) + 22k+1(4k − 1)m0n0.
The ratio mk/nk can be expressed as
mk
nk
=
m0 + n0 + (−2)−k(m0 − n0)
m0 + n0 − (−2)−k(m0 − n0) , (16)
so for k →∞, mk/nk = 1. Indeed, it is not difficult to see that with a few repeated iterations the ratio will approach
1. As an example, with initial value m0 = 0, the relation between the ratios and the number of iterations is shown in
Figure 2. Obviously, with 10 iterations the ratio gets rapidly close to 1. As a result, this provides an indirect method
for purifying or preparing the six-photon entangled state |ψ−3 〉 from the above twin-beam six-photon symmetric states.
FIG. 2: The relationship between the ratio mk/nk and the number of iterations k (k = 1, 2, · · · , 10). As a result, with a few
iterations the ratio will rapidly get close to 1.
III. PREPARATION OF MULTIMODE-PHOTON ENTANGLED STATES
The PDC photons are naturally entangled in energy and momentum, also can be manipulated and then entangled
in polarization or path via photonic devices. We now propose a scheme to create a class of six-photon entangled states
in the form of polarization and path from third-order emission by using available linear optical elements. Also, we
describe a method to prepare six-photon polarization-entangled GHZ state by using weak nonlinearities.
Consider the twin-beam six-photon entangled state
|ψ−3 〉 =
1√
3!(3 + 1)!
(a†Hb
†
V − a†V b†H)3|0〉, (17)
emitted from a femtosecond pump pulse acting on a type-II down-conversion crystal, BBO (beta barium borate). A
set of narrow-band filters are necessary to ensure that these down-converted photons are spectrally indistinguishable.
By design, this six-photon entangled state (17) will be in spatial modes a and b, as shown schematically in Figure 3.
To proceed, a polarization rotation R, physically implemented by quarter- and half-wave plates, is used to rotate
the polarization in spatial mode b with the Hamiltonian HR = iθ(b
†
HbV − bHb†V ). Then, the six-photon state evolves
into
1
12
(cos θa†Hb
†
V − cos θa†V b†H + sin θa†Hb†H + sin θa†V b†V )3|0〉. (18)
We next use two pairs of beam splitters BS1s and BS2s to split these photons into six spatial modes. The reflection
and transmission coefficients of each BS1 are respectively R = 1/3 and T = 2/3, with the evolution in operator form
a† →
√
2
3
c†0 +
√
1
3
c†1, b
† →
√
2
3
d†0 +
√
1
3
d†1. (19)
5FIG. 3: The schematic diagram for creating six-photon entangled states from third-order down-conversion process.
Two BS2s are the most commonly used symmetric 50:50 beam splitters, characterized by the following transformation:
c†0 →
1√
2
(c†2 + c
†
3), d
†
0 →
1√
2
(d†2 + d
†
3). (20)
By this, the six-photon state (unnormalized) in spatial modes ci and di (i = 1, 2, 3) is described, in the operator form,
by
(cos θc†123,Hd
†
123,V − cos θc†123,V d†123,H + sin θc†123,Hd†123,H + sin θc†123,V d†123,V )3|0〉, (21)
where, for simplicity, we write e.g. c†123,H as an abbreviation for c
†
123,H = c
†
1H + c
†
2H + c
†
3H .
Due to the interference effects at the beam splitters, these six photons may be split into different spatial modes.
We herein consider the situation that there is only one photon in each of the spatial modes ci and di (i = 1, 2, 3). By
this, we arrive at an important class of six-photon entangled states
|Ψ(θ)〉
=
1
2
{[cos3 θ(|HHHV V V 〉 − |V V V HHH〉)
+ sin3 θ(|HHHHHH〉+ |V V V V V V 〉)]⊗ |c1c2c3d1d2d3〉
+
1
3
[cos θ(2 sin2 θ − cos2 θ)(|HHV V V H〉 − |V V HHHV 〉)
+ sin θ(sin2 θ − 2 cos2 θ)(|HHVHHV 〉+ |V V HV V H〉)]
⊗(|c1c2c3〉+ |c1c3c2〉+ |c2c3c1〉)(|d1d2d3〉+ |d1d3d2〉+ |d2d3d1〉)
+ cos2 θ sin θ[(|HHV V V V 〉+ |V V HHHH〉)(|c1c2c3〉+ |c1c3c2〉+ |c2c3c1〉)|d1d2d3〉
+(|HHHV V H〉+ |V V V HHV 〉)|c1c2c3〉(|d1d2d3〉+ |d1d3d2〉+ |d2d3d1〉)
+ cos θ sin2 θ[(|HHHHHV 〉 − |V V V V V H〉)|c1c2c3〉(|d1d2d3〉+ |d1d3d2〉+ |d2d3d1〉)
−(|HHVHHH〉 − |V V HV V V 〉)(|c1c2c3〉+ |c1c3c2〉+ |c2c3c1〉)|d1d2d3〉]}, (22)
where, for convenience, we use path-state, e.g. |c1c2c3d1d2d3〉, to denote path information. Note that a direct path
operation can easily project the polarization-path entangled states onto polarization entangled states. We take θ = pi/2
for example. With path-state |c1c2c3d1d2d3〉 one can write |Ψ(pi/2)〉 as
|Ψ(pi/2)〉 = 1√
2
|GHZ6〉+
1
2
(|W3〉|W3〉+ |W˜3〉|W˜3〉), (23)
6where
|GHZ6〉 = 1√
2
(|HHHHHH〉+ |V V V V V V 〉), (24)
|W3〉 = 1√
3
(|HHV 〉+ |HVH〉+ |V HH〉), (25)
and the ket |W˜3〉 is the spin-flipped |W3〉. In fact, the state |Ψ(pi/2)〉 is equivalent to the state |Ψ(0)〉. As an important
application, such states can be used to exhibit perfect six-qubit correlations [27].
Furthermore, we find that all such states in expression (22) can be converted into six-photon polarization-entangled
GHZ state. It is possible to do this directly by using linear optics and weak nonlinearities. We take the state |Ψ(pi/2)〉
for example. As show in Figure 4, six input signal photons are individually split into two spatial modes at each PBS
and one mode of each photon will induce a phase shift on the coherent probe beam by using weak cross-Kerr media.
A further phase shift of Rθ = −12θ in probe beam, achieved by a single linear optical phase shifter, is necessary to
monitor overall phase.
FIG. 4: The schematic diagram of preparing six-photon polarization-entangled GHZ state with linear optics and weak non-
linearities. ci and di (i = 1, 2, 3) are input ports related to the six signal modes, and ei, i = 1, 2, · · · , 6, are respectively the
corresponding outputs. θ, 2θ, 3θs, 6θ and 9θ represent phase shifts in the coherent probe beam |α〉 induced by Kerr media,
respectively. Rθ is a single linear optical phase shifter.
Then the whole combined system evolves into
|Ψ(pi/2)〉ck = 1
2
(|HHHHHH〉|αe12iθ〉+ |V V V V V V 〉|αe−12iθ〉) + 1
6
(|HHVHHV 〉|α〉
+|V V HV V H〉|α〉+ |HVHHHV 〉|αeiθ〉+ |V HV V VH〉|αe−iθ〉
+|V HHHHV 〉|αe2iθ〉+ |HV V V V H〉|αe−2iθ〉+ |HHVHVH〉|αe3iθ〉
+|V V HVHV 〉|αe−3iθ〉+ |HVHHVH〉|αe4iθ〉+ |V HV V HV 〉|αe−4iθ〉
+|V HHHVH〉|αe5iθ〉+ |HV V V HV 〉|αe−5iθ〉+ |HHV V HH〉|αe6iθ〉
+|V V HHV V 〉|αe−6iθ〉+ |HVHVHH〉|αe7iθ〉+ |V HV HV V 〉|αe−7iθ〉
+|V HHVHH〉|αe8iθ〉+ |HV V HV V 〉|αe−8iθ〉). (26)
Consider the X homodyne measurement on the probe beam. Then, by a similar argument, there exist ten intervals
related to the value of the results of the homodyne measurement and each interval corresponds directly to an output
state of the signal photons.
7As a result, for x < x0 = α(cos 12θ + cos 8θ), we have 1/
√
2(eiφ12(x)|HHHHHH〉 + e−iφ12(x)|V V V V V V 〉). Let
xi = α[cos(9− i)θ+ cos(8− i)θ] and φi(x) = α[cos(9− i)θ+ cos(8− i)θ], i = 1, 2, · · · , 8. Then, for xi−1 < x < xi, we
have 1/
√
2(eiφ9−i(x)|HHHHHH〉+ e−iφ9−i(x)|V V V V V V 〉), up to two spin-flip transitions in the appropriate spatial
modes. For x > x8 = α(cos θ + 1), we have 1/
√
2(|HHVHHV 〉+ |V V HV V H〉). At last, the undesired phase shifts
φi(x), with i = 1, 2, · · · , 8, 12, can be removed by placing a phase shifter in one of these modes depended on the value
of the measurement.
IV. DISCUSSION AND SUMMARY
It is always permissible to prepare pairs of entangled photons by suppressing higher-order emissions. However,
a multiphoton coincidence may herald the higher-order down-conversion processes. In order to characterize these
photons emitted from PDC sources, in general, one takes td and tc to be the pulse duration of the pump and
the coherence time of the down-converted photons, respectively. Let k = td/tc be approximately the number of
independent down-conversion processes in a pump pulse duration. Consider a six-photon component which may
include the first-, second-, and third-order processes. There are three kinds of terms: (i) the k components |ψ−3 〉 ⊗
|0〉 ⊗ · · · ⊗ |0〉 + · · · + |0〉 ⊗ · · · ⊗ |0〉 ⊗ |ψ−3 〉 where six photons are produced in a single third-order process; (ii) the
k(k − 1) components |ψ−2 〉 ⊗ |ψ−1 〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉 + · · · + |0〉 ⊗ · · · ⊗ |0〉 ⊗ |ψ−2 〉 ⊗ |ψ−1 〉, in which four photons are
produced in a second-order process and one pair is produced in another first-order process; (iii) the k(k− 1)(k− 2)/6
components |ψ−1 〉 ⊗ |ψ−1 〉 ⊗ |ψ−1 〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉 + · · · + |0〉 ⊗ · · · ⊗ |0〉 ⊗ |ψ−1 〉 ⊗ |ψ−1 〉 ⊗ |ψ−1 〉 where three pairs are
produced in different processes. Then a normalized six-photon state can be expressed as
|Ψ6〉 =
√
6
(k + 1)(k + 2)
|ψ−3 〉+
√
6(k − 1)
(k + 1)(k + 2)
|ψ−2 〉 ⊗ |ψ−1 〉+
√
(k − 1)(k − 2)
(k + 1)(k + 2)
|ψ−1 〉⊗3.
(27)
In this expression, it is interesting to note that when k ≪ 1 then the main item is |ψ−3 〉, while for k ≫ 1 it remains
nearly three pairs. In particular, for k = 1, it only gives six-photon entangled state |ψ−3 〉 because there is only one
down-conversion process per pump pulse duration; for k = 2, there may exist third-order emission or a mixture of first-
order and second-order items since it is impossible to pump three-pair independent photons in two down-conversion
processes. Of course, experimentally, nowadays, not only entangled-photon pairs with high quality can be routinely
created, but the twin-beam six-photon entangled state emitted from a single third-order PDC process can also be
demonstrated by using a femtosecond pulse and narrow-band filters.
In summary, based on linear optics and weak nonlinearities we explicitly studied symmetry detection and multimode
evolution for six-photon entangled state emitted from a single third-order PDC process. Note that one can exactly
pick out the right order process via suitable filtering and beam splitting [18] and register a considerable six-fold
coincidence with the aid of short pulses, narrow-band filters, and state-of-the-art single-photon detectors[27]. In
addition, we herein take weak nonlinearities into account, e.g. θ ∼ 10−2, and thus our scheme becomes practically
feasible in the current experimental techniques. Due to the fact that there is no interferometric alignment to entangle
independently emitted pairs, the strategy of preparing multimode polarization entangled states is strongly robust.
Since the present symmetry detector can be further extended to twin-beam 2n-photon symmetric states, it is possible
to provide a simple but novel approach to produce entangled states involving a large number of photons by cascading
a certain amount of symmetry detectors.
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